This paper presents a general multiscale framework towards the computation of the emergent effective elastodynamics of heterogeneous materials, to be applied for the analysis of acoustic metamaterials and phononic crystals. The generality of the framework is exemplified by two key characteristics. First, the underlying formalism relies on the Floquet-Bloch theorem to derive a robust definition of scales and scale separation. Second, unlike most homogenization approaches that rely on a classical volume average, a generalized homogenization operator is defined with respect to a family of particular projection functions. This yields a generalized macro-scale continuum, instead of the classical Cauchy continuum. This enables (in a micromorphic sense) to homogenize the rich dispersive behavior resulting from both Bragg scattering and local resonance. For an arbitrary unit cell, the homogenization projection functions are constructed using the Floquet-Bloch eigenvectors obtained in the desired frequency regime at select high symmetry points, which effectively resolves the emergent phenomena dominating that regime. Furthermore, a generalized Hill-Mandel condition is proposed that ensures power consistency between the homogenized and full-scale model. A high-order spatio-temporal gradient expansion is used to localize the multiscale problem leading to a series of recursive unit cell problems giving the appropriate micro-mechanical corrections. The developed multiscale method is validated against standard numerical Bloch analysis of the dispersion spectra of example unit cells encompassing multiple high-order branches generated by local resonance and/or Bragg scattering.
Introduction
Acoustic metamaterials and phononic crystals are specially designed composites enabling extraordinary manipulation of mechanical waves, such as band-stop filtering, redirection, channeling, multiplexing etc., which is impossible with conventional materials ( Deymier, 2013; Hussein et al., 2014 ) . These properties are a result of two distinct scattering phenomena occurring separately or jointly, i.e. Bragg scattering and local resonance. The emergent wave resulting from both Bragg scattering and local resonance is coherent and is associated with a well defined dispersion spectrum. The most striking feature of such a spectrum is the appearance of bandgaps, which are the frequency ranges where no real (i.e. propagating) wave solution exists. The exotic properties of these metamaterials are mostly a consequence of these physical phenomena.
This paper presents a multiscale modeling framework for acoustic metamaterials and phononic crystals restricted to the linear elastic regime without dissipation. The underlying motivation consists in the development of efficient computational techniques for transient structural dynamics analyses of acoustic metamaterials and phononic crystals with arbitrary rich dispersive behavior in reasonably broad frequency regimes. Although the multiscale analysis techniques developed thus far ( Hui and Oskay, 2014; Liu and Reina, 2017; Pham et al., 2013; Sridhar et al., 2016 ) have demonstrated an advantage for solving large scale problems compared to the direct numerical simulations of the fully resolved models, the homogenization theories underlying these methods are limited to certain special microstructures within a narrow frequency range of validity (typically in the low frequency regime). These limitations are a consequence of the definition of scales and the underlying scale separation justifying these approaches. This becomes clear through the adopted homogenization formulation, i.e.
• The kinematic and dynamic assumptions made on the micro-scale fluctuations resulting from the material heterogeneities.
• The formulation of the homogenization (/smoothening/regularization) operator that is used to project (upscale) the micro-scale quantities onto the macro-scale.
In the low frequency, long-wavelength regime (where no dispersion is observed), a quasi-static assumption on the microscale fluctuations subjected to periodic boundary conditions is justified and the homogenization operator is taken to be a uniform volume average over the unit cell as required by two-scale convergence ( Allaire, 1992 ) . The resulting homogenized model retains the Cauchy continuum form with local constitutive response. Extensions to this model have mostly been focused on relaxing the assumptions on the micro-scale fluctuations, while little attention has been paid towards generalizing the homogenization operation beyond the uniform volume average.
Higher order spatial and/or temporal asymptotic corrections to the quasi-static, periodic micro-fluctuations have been proposed ( Andrianov et al., 2008; Bacigalupo and Gambarotta, 2014; Chen and Fish, 20 0 0; Hu and Oskay, 2017; Hui and Oskay, 2014 ) that extend the classical theory to shorter wavelength regimes. The resulting effective constitutive equations are (weakly) nonlocal, containing higher order spatial and/or temporal derivatives of the displacements. Such models are capable of capturing the dispersion of the initial (also called acoustic) branches and sometimes, the second-order (also called optical) branches. An important step towards developing a general homogenization framework (for geometrically periodic microstructures) has been investigated extensively in the works of Willis (1997; 2011; 2012) and further developed by other authors ( Nassar et al., 2015; Srivastava and Nemat-Nasser, 2012; that fully relaxes any assumptions on micro-scale fluctuations and extends the range of possible macro-scale wavelengths to the entire Brillouin zone. Here, the general solution for the micro-scale fluctuations is provided by the Floquet-Bloch theorem ( Bensoussan et al., 1978; Gazalet et al., 2013 ) . The resulting effective constitutive model is strongly nonlocal in both space and time. Furthermore, an additional coupling between the homogenized stress and velocity, and momentum and strain has also been demonstrated. The potential of this approach in terms of capturing Bragg scattering branches in 3D composites has been shown in Srivastava and Nemat-Nasser (2012) . However, despite its generality even these approaches are theoretically limited to only a few low-order branches ( Srivastava and Nemat-Nasser, 2014 ) . The reason for this limitation was identified in Nassar et al. (2015) , where the use of the uniform volume averaging operator was shown to be suboptimal at frequencies beyond the low-order branches.
At higher frequencies, exotic wave modes emerge especially for 2D and 3D unit cell geometries, which can transport energy even at vanishing average displacement, e.g. rotational/Cosserat waves ( Deymier et al., 2014 ) . Indeed, in such cases, it is necessary to resort to a micromorphic macro-scale continuum description of the type hypothesized by Eringen (1999) and Mindlin (1964) , Germain (1973) and Madeo et al. (2015) , instead of the classical Cauchy continuum. Furthermore, microinertial effects dominate at these frequencies where adjoining material domains within the unit cell start to vibrate out of (harmonic) phase with respect to each other. In this case, it is necessary to recover the phase information which is lost through uniform volume averaging. It is therefore necessary to generalize the formulation of the homogenization operation by introducing an appropriate weighted average that properly captures the emergent phenomena upon projection at the macro-scale.
The formulation of this weighted projection is well understood for local resonance based metamaterials e.g. Liu et al. (20 0 0) , where the inclusion vibrates out of phase with respect to the matrix beyond the local resonance frequencies. The volume average is performed solely over the matrix whereas the dynamics of the inclusion are seperately modeled, normally on the subspace of local resonance eigenmodes of the inclusion ( Auriault and Boutin, 2012; Milton and Willis, 2007; Smyshlyaev, 2009; Willis, 2009 ) . Computational homogenization techniques for exclusively modeling local resonance acoustic metamaterials have successfully demonstrated this ( Pham et al., 2013; Sridhar et al., 2016 ) . The formulation of the homogenization operator for a general microstructure that can also exhibit Bragg scattering is less straightforward. Relevant work in this direction include ( Boutin et al., 2014; Craster et al., 2010 ) , where the Floquet-Bloch eigenvector of the unit cell, obtained via dispersion analysis, at a given point on the Brillouin zone was proposed as the projection function for the homogenization operator. The modified homogenization theory allowed capturing exactly, the dispersion spectrum in the proximity of the eigenfrequency of the Floquet-Bloch mode. Taking this concept further, the homogenization operation was enriched in Nassar et al. (2016) using a family of projection functions in addition to the uniform one, in order to capture multiple emergent phenomena and the corresponding dispersion branches. The method was validated on a simple 1D example unit cell, but the full potential of this generalization still remains to be explored and exploited towards more complex unit cells and macro-scale problems.
This paper presents an important step forward towards the development of a general multiscale elastodynamic framework that overcomes the limitations of the previous approaches. No assumptions are made on the design of the microstructure (other than linear elasticity and geometric periodicity) or the range of applied frequencies. The underlying multiscale formalism is based on the Floquet-Bloch transform which gives a precise definition of scales via spectral decomposition, that does not require any additional assumptions on scale separation. Furthermore, following the proposition of Nassar et al. (2016) , a set of dedicated generalized projection functions is introduced to formulate the homogenization operation. The resulting upscaled model is therefore a generalized, emergent micromorphic continuum. For a given arbitrary periodic microstructure, the projection functions are formulated using Floquet-Bloch eigenvectors obtained at selected high symmetry points in the Brillouin zone in the desired frequency range of analysis, which ensures the precise resolution of the emergent elastodynamics in that regime. A generalized Hill-Mandel condition is proposed to guarantee internal power equivalence between the fully resolved and the homogenized models. This is exploited to derive a general multiscale formulation. The global problem is localized (i.e. reduced to a problem on a single unit cell) by assuming a high-order spatio-temporal gradient expansion with respect to the macro-scale displacements as ansatz for the full scale displacements, yielding a series of recursive local unit cell problems that can be readily solved. The resulting homogenized macro-scale governing equations constitute a set of high-order partial differential equations with constant coefficients. The unit cell problem is discretized using a finite element (FE) discretization, yielding a computational multiscale methodology capable of modeling arbitrary geometrically complex unit cell problems.
The proposed methodology is validated by comparing the dispersion spectra of the homogenized continuum against standard Bloch analysis ( Collet et al., 2011 ) for a couple of example 2D unit cell designs exhibiting local resonance and/or Bragg scattering, computed for a wide range of frequencies capturing several high-order branches. The complex spectra are also presented in order to validate the evanescent wave solutions, which are responsible for important boundary layer effects ( Kulpe et al., 2014; Srivastava and Willis, 2017 ) . The solution of macro-scale transient boundary value problems is beyond the scope of this paper since this requires dedicated numerical schemes and will be the subject of future work. However, the validation against the dispersion spectra has its own added value since it demonstrates, arguably for the first time, a methodology for computing homogenized effective properties of acoustic metamaterials/phononic crystals with complex unit cell designs applicable in the high frequency regime.
The outline of the paper is as follows: Section 2 presents the underlying multiscale formalism. The Floquet-Bloch transform is briefly introduced, followed by the definition of scales and the general concept of the homogenization and its inverse, localization operation. In Section 3 , the formalism is applied towards the homogenization of the linear Cauchy elastodynamic equations. The formulation of the homogenization and localization operations is elaborated, the later based on micro-mechanical unit cell analyses derived via a high-order gradient expansion ansatz. The numerical case study and validation are presented in Section 4 . The conclusions and future outlook are given in Section 5 .
The following notation is used throughout the paper to represent different quantities and operations. The number of dimensions of the problem is denoted by n dim . A general m th order Cartesian tensor is denoted as A (m ) . However, special notation is normally used for scalars, vectors and second order tensors denoted by a (or A ), a and A , respectively. A right subscript is used to index Euclidean components with respect to a basis e p , p = 1 , ..n dim , e.g. a = a p e p , where the Einstein summation convention is used for repeated indices in all vector and tensor related operations represented in index notation. The standard tensor operations are denoted as follows, dyadic product: a b = a p b q e p e q , dot product: 
Multiscale formalism
In this section, the core mathematical aspects and definitions of the proposed homogenization technique are discussed in a formal fashion, independent of any description of the system to which it will later be applied. First, the Floquet-Bloch transform is briefly introduced 1 on a coordinate space with an underlying lattice. The transform is then employed to extract a precise definition of the micro-(fast) and macro-(slow) scales based on the spectral decomposition of an arbitrary function. Subsequently, two operators are introduced. The first, termed "homogenization", is an operator that maps an arbitrary function onto a space of slow-scale modal functions via a set of orthonormal projection functions. The second operator, termed "localization", gives the generalized inverse of the homogenization. The general properties of these operators and other important quantities are discussed. 
The Floquet-Bloch transform
Let Ω = R n dim , where R is the real set, represent an n dim dimensional unbounded Euclidean position domain and x the spatial position vector of any point on it with respect to some arbitrary origin O . Similarly, let Ω = R n dim represent the corresponding Fourier domain dual to Ω and k the wave-vector characterizing any wave defined on it with the null wavevector at . Let L 2 represent the space of square integrable functions parameterized with respect to some set. The Fourier transform F (introduced here for reference), gives the mapping of a function defined on the position domain,
where the notation ( ˜ •) is introduced to denote the corresponding transformed function and i denotes the imaginary unit. The inverse Fourier transform is given by
Let { j } ⊂ R n dim be a set of n dim linearly independent basis vectors called lattice vectors. A (Bravais) lattice, L with respect to { j } is defined as the subset of all points on Ω spanned by the linear combination of the lattice vectors with integer coefficients, i.e.
where Z is the set of integers. The magnitude of the lattice vectors, given by j = j is called the lattice constant along the respective direction. For a given lattice, a (primitive or Wigner-Seitz) unit cell, T is defined as the set of all position vectors that are closer to O than to any other point in L . Hence,
where 0 represents the zero vector. The corresponding dual of the lattice defined on the Fourier domain Ω , called the reciprocal lattice, L is given as Gazalet et al. (2013) ,
where { β j } ⊂ Ω represents the set of reciprocal lattice vectors that uniquely satisfy the following condition
where δ ij denotes the Kronecker delta.
Similarly, the corresponding dual of the unit cell space defined on Ω , called the (first) Brillouin zone, T , is the set of all wave vectors that are closer to than to any other point in L ( Gazalet et al., 2013 ) . Hence,
An illustration of T , T , L and L introduced thus far is given in Fig. 1 . It can be noted from the definitions (5) and (7) , that T and L are mutually exclusive sets with the exception of the zero wave vector. This fact will become relevant for the spectral definition of scales introduced subsequently.
With the above definitions, the expression for the Floquet-Bloch transform
with respect to L is given as, 
From Eq. (8) , the following periodicity property of the Floquet-Bloch transform can be inferred,
The Plancherel identity for the transform holds ( Bensoussan et al., 1978 ) , i.e.
where
j=1 j represents the volume of the unit cell.
Definition of scales
The Floquet-Bloch transform is now employed to extract new definitions of the "macro" and "micro" scales. Unlike standard homogenization approaches where a function is decomposed either additively or asymptotically into its macro and micro-scale contributions, the decomposition is achieved here in a spectral fashion. The former decompositions rely on the assumption of a reasonably large scale separation between the two scales, whereas the present approach is fully general. Moreover, another key difference is that in standard homogenization approaches, a separate spatial domain and corresponding position vector is associated to the micro-scale, whereas the present approach relies on the single position vector, x only.
For a domain with an underlying lattice, the macro or slow-scale, hereafter denoted by capital "M", represents all fluctuations characterized by wave vectors lying in the first Brillouin zone T . The micro or fast-scale, hereafter denoted by small "m", represents all fluctuations characterized by wave vectors in the reciprocal lattice L . The scale separation is therefore purely a consequence of the spectral limit of waves parameterized by the two (mutually exclusive) Fourier sub-domains. From the definition of T in Eq. (7) , it can be deduced that the shortest wave at the macro-scale has the wavelength λ = 2 min ( j ) ( λ = 2 for n dim = 1 ). Similarly, from the definition of L in Eq. (5) , the longest wave, other than the constant function, that can be identified at the micro-scale has the wavelength λ = max ( j ) ( λ = for n dim = 1 ).
To illustrate this concept in a formal fashion, the inverse Floquet-Bloch transform (9) , is re-written as follows,
Since ˆ
is periodic according to (10) , it only characterizes waves in L and hence by definition, the micro-scale variations of f ( x ) . Similarly, the modulation term e i k · x only characterizes waves in T and hence by definition, the macroscale variations of f ( x ) . Therefore, for any function f ( x ) , the inverse Floquet-Bloch transform gives the explicit spectral decomposition of its fast and slow components as a convolution with respect to k over T . The spectral decomposition is schematically illustrated in Fig. 2 . 
The subset of Fourier waves { e i k · x , ∀ k ∈ T } spans all macro-scale functions.
On the other hand, a (purely) micro-scale function (denoted by subscript (•) m ) is defined as one that does not exhibit any macro-scale variations and is hence periodic with respect to L . For any micro-scale function, say f m ( x ) , one has
Since micro-scale functions are periodic, no slow-scale modulation except for a constant is needed. The Floquet-Bloch ex-
The subset of Fourier waves { e i k · x , ∀ k ∈ L } spans all micro-scale functions.
Next, the Floquet-Bloch volume average operator <•> FB , henceforth called FB-average is defined by making use of Eq. (12) as follows,
Clearly, F M is a macro-scale function in accordance with definition (13) . The FB-average sequentially superimposes three operations, a Floquet-Bloch transform (8) , a volume average over the unit cell domain T and an inverse Floquet-Bloch transform (9) , yielding a low-pass filter like operator that averages out the fast-scale contributions only and returns a corresponding slow-scale function in real space. The concept behind the FB-average is based on the ensemble averaging for periodic media introduced in the works of Willis (1997; 2011) , with the added feature of combining the forward and inverse Floquet-Bloch transforms into a single operation. This is done to retain a description of the multiscale procedure in the coordinate space, instead of the Fourier space. The FB-average forms the basis for defining the homogenization operation, introduced subsequently. From Eqs. (13) , (14) and (16) , the following properties of the FB-average of macro and micro-scale functions can be
The FB-average of a micro-scale function f m ( x ) , is a constant, i.e.
Furthermore, it can be shown that the FB-average of the gradient of a function is equal to the gradient of the FB-averaged function. Applying the gradient operator on both sides of Eq. (12) and using the chain rule gives
Taking the FB-average defined in (16) , on both sides of the above expression and using the fact that the FB-average of the gradient of a periodic function vanishes following the Gauss divergence theorem, yields the expected result, i.e.
Finally, the treatment of the temporal scale is briefly discussed. So far, time was ignored in the development of the multiscale formalism. Since the primary goal of this work is to model dynamic processes at the macro and micro-scale, it is necessary to clarify this aspect. In the present context, it would be possible to include time into the formulation ab initio . The coordinate and wave vector spaces must then be expanded to accommodate the time t and frequency ω variables respectively, i.e. Ω( x , t ) = R n dim +1 and Ω ( k , ω) = R n dim +1 . Similarly, the concepts of lattice, the unit cell and the reciprocal spaces can also be naturally expanded with respect to t and ω. A combined space-time multiscale framework might be of interest for some specific problems, but it is beyond the scope of the present investigation. The formalism presented here can therefore be considered as a special case.
The generalized homogenization and localization operators
representing a set of (real) orthonormal micro-scale vector projection functions, parameterized by the discrete set P ⊂ N , where N , represents the natural set. The orthonormality is defined as follows,
With this, the homogenization operator with respect to set P , denoted by S P , is defined as a transform that projects ("homogenizes") an arbitrary vector (or tensor) function, say g ( x ) , to a discrete set of macro-scale generalized scalar (or the corresponding one order lower tensor) "modal" functions r G M ( x ) , as follows,
The above operation introduces the key generalization to the homogenization approach of Willis (1997; 2011) where only a single projection function, usually the unit constant function was assumed. The inverse process, termed localization , is not uniquely defined, since the set of micro-scale projection functions is in general not complete. However, any valid definition of the localization operator, S −1 Q , defined with respect to some arbitrary set of micro-scale functions parameterized by the set Q , has to satisfy the following consistency condition,
The precise formulation of the localization operator becomes important in the context of multiscale analysis of a given problem. However, one particular definition of localization can be immediately obtained by utilizing the same micro-scale function basis { r φ m , ∀ r ∈ P } to define both operations. This gives,
where g 0 is the null space error of S
The error tends to zero in the limit of completeness of the micro-scale
. This follows from the equivalence of the norms of the full scale and homogenized functions, stated in the following.
Let the complete set be denoted by P com . The homogenization operator corresponding to this choice is called the complete homogenization operator, S com . The inverse operation, termed complete localization S −1 com , is then unique and given by
The following transformation identities in local and global form hold for the complete homogenization mapping, Local identity:
Global identity
The proofs of the above identities are given in Appendix A . The validity of the above identities serves as sufficient proofs for the error term g 0 in Eq. (25) to tend to zero in the limit of completeness.
Multiscale analysis: application to the Cauchy elastodynamic equation
The multiscale formalism presented in Section 2 is now applied to homogenize the Cauchy elastodynamic equations. Small displacements and linear elasticity are assumed for the sake of simplicity. Furthermore, a periodic microstructure is assumed, reflected by the definition of the lattice.
Starting with a general definition of the homogenization operator, the general expression for the macro-scale balance is derived by upscaling the Cauchy equations. Next, the generalized Hill-Mandel relation is proposed to ensure the equivalence of the FB-average power of the full-scale and homogenized system. This is employed to derive the general multiscale analysis problem. The global multiscale problem is then localized (i.e. reduced to a set of problems involving the unit cell domain only), using a high-order spatio-temporal gradient expansion with respect to the macro-scale displacements, leading to a series of recursive micro-scale unit cell problems. The resulting macro-scale governing expressions are a set of higher order partial differential equations with constant coefficients. Convergence of the homogenized model to the limit case is shown for the homogenization projection basis approaching completeness. Finally, the construction of a particular homogenization projection basis is discussed.
The balance of momentum of the full-scale system is given as
where σ represents the symmetric Cauchy stress tensor, p the momentum density and b an arbitrary fictitious body force that is introduced for the purpose of establishing the coupling between the full-scale and homogenized systems. Its exact formulation will be clarified later. The use of an artificial/fictitious body forcing term towards homogenization is reminiscent of the work by Willis (1997; 2011; 2012) . The linear elastic periodic constitutive equations are given by,
with u the displacement and C (4) m and ρ m , the stiffness tensor and mass density, respectively. The periodicity of the material parameters implies that they are micro-scale functions as defined in (14) . The stiffness tensor, in addition to the global symmetry, exhibits the following minor symmetries,
m with respect to an orthonormal Cartesian basis. The symmetry properties allow the use of ∇ u directly in Eq. (30) , rather than the symmetrized linear strain tensor. The treatment of the boundary conditions is ignored in this work for the sake of simplicity.
The general multiscale problem
The macro-scale balance is obtained by homogenizing (projecting) Eq. (29) using the projection operator S P defined in Eq. (23) . Therefore one obtains,
Using the chain rule, the term with the divergence is further expanded,
Applying Eq. (21) (generalized to the divergence operator) to the first term on the left hand side of (32) , the general expression for the macro-balance is obtained,
where,
Here r M and r q M represent the homogenized macro-scale stress and momentum, respectively, r χ M represents a nonclassical contribution, called hereafter the internal stress and r B M , the homogenized macro-scale body force. The form of the above balance (33) resembles that of well known micromorphic theories ( Eringen, 1999; Germain, 1973; Mindlin, 1964 ) . In order to derive the homogenized constitutive relations in an energetically consistent manner, it is necessary to state the equivalence of energy/power between the full-scale and homogenized systems. Following the identity on the local norm (27) , it can be deduced that the local, FB-average internal power over a unit cell is fully preserved under homogenization in the limit of completeness of the projection basis, i.e.
gives the generalized macro-scale velocities. The above expression (35) represents the absolute/unconditional equivalence of the FB-average internal power of the homogenized system for arbitrary realizations of σ, ˙ p and ˙ u when the projection basis is complete. Similarly, the equivalence of the total power taken over the whole domain also holds following the global identity (28) . However, the explicit expression for this is not shown here. The absolute equivalence of power forms the theoretical limit where all information of the micro-scale is recovered at the macro-scale and the homogenized model is completely equivalent to the full-scale heterogeneous one. Such a limit can never be achieved in practice since it would require an infinite number of projection functions.
In the practical case of a finite projection basis contained in the set P , rather than P com , the absolute equivalence of the FB-average power (35) no longer holds in general for arbitrary values of the full-scale quantities. However, the following weaker, conditional equivalence of internal power can still be enforced,
The above expression generalizes the Hill-Mandel principle employed in classical computational homogenization ( Geers et al., 2008 ) towards a family of weighted projection functions. In order to satisfy the above equality, some constraints on the full-scale quantities have to be placed. To that end, a choice that allows maximum freedom to capture the fine-scale fluctuations due to the material heterogeneities is to explicitly constrain the space of the body force term b while retaining a relaxed description of the kinematics ( ˙ u ) and the internal forces ( σ, ˙ p ). This only places a limit on the range of possible external loadings that can theoretically be captured by the homogenized model, which is more acceptable from a practical point of view. To recover the condition on b , the equalities of the FB-average internal and external powers of the full-scale and homogenized models are expressed first, as follows,
If relation (37) holds, then following the above expressions, the equality of the FB-average external powers of the fullscale and homogenized systems must also be satisfied, i.e.
The general expression of ˙ u in terms of the finite set of macro-scale velocities r ˙ U M , r ∈ P is given following Eq. (25) as,
where ˙ w is the residual velocity fluctuations in the null space of S −1
. Substituting Eq. (40) in (39) and making use of property (18) gives,
Following the orthonormality of the projection functions r φ m given in (22) and the fact that ˙ w is orthogonal to r φ m under FB-average for all r ∈ P , the most straightforward expression for b that satisfies the above condition for all kinematically admissible realizations of ˙ w and r ˙ U M , r ∈ P is therefore
Thus by restricting the range of body forces b to the space L 2 (T , P ) , (as opposed to L 2 (T , P com ) ), the generalized Hill Mandel condition (37) is now satisfied. The quantities r B M ∀ r ∈ P , now assume the role of the arbitrary body forces. Similar arguments for the choice of the body forces were also proposed in the work of Nassar et. al. ( Nassar et al., 2016 
In the above expression, the summation over P is replaced by a matrix multiplication, with B ˜ M , U ˜ M and φ m representing column matrices of length n P containing all the corresponding terms indexed by P , where n P is the number of homogenization functions taken into consideration. This representation will be followed from here onwards for the sake of compactness. The second expression (43b) is included in the multiscale problem to explicitly state the corresponding kinematic coupling condition between macro and full-scale quantities, conjugate to the force coupling provided by B ˜ M . The above problem (43) can be solved exactly for arbitrary body forces if the Green's function of the system is known. However, this is impossible to determine for complex unit cell designs. Instead, a localization step is introduced whereby an ansatz is assumed in terms of the generalized macro-scale displacements U ˜ M to recover the displacements u and the macro-scale body forces B ˜ M . A particular form of the such an ansatz will be given in Section 3.2 . Substitution of this solution ansatz into the multiscale problem (43) then allows eliminating the macro-scale degrees of freedom, leaving the micro-scale quantities only, thereby localizing the problem to the unit cell domain T . A series of unit cell problems is obtained in the process depending on the nature of the ansatz taken. The localized problem can be represented in a general operator form by proposing u = S −1
where A M represents the homogenized elastodynamic operator that yields the macro-scale body 
m : (•)) , is the full-scale elastodynamic operator, and whereby use of definitions (23) and (25) has been made. Note that the consistency condition on S −1 Q , Eq. (24) , is accounted for by the above localized multiscale problem (44) .
The general homogenization procedure is illustrated in Fig. 3 .
Localization via spatio-temporal gradient expansion
For the ansatz to be used on the displacements u and the macro-scale body forces B ˜ M leading to the general solution of the multiscale problem, a space-time Floquet-Bloch expansion might be considered. However, such an ansatz would complicate the solution, as it leads to strongly nonlocal effective constitutive equations. Instead, a perturbation approach is employed towards localization. To that end, the following spatio-temporal gradient expansion with respect to the generalized macro scale displacements U ˜ M , truncated at order n A and n B with respect to space and time, respectively, is proposed for the displacements u and the generalized macro-scale body forces
is a (a + 1) th order tensor column of length n P representing the micro-scale displacement correction function associated to the a th order spatial gradient ( ∇ a ) and b th order time derivative
gives the corresponding a th order macro-scale homogenized constitutive tensor matrix of size n P × n P associated to the a th order spatial gradient and b th order time derivative of U ˜ M . Only even order terms are assumed with respect to the time derivative as there are no velocity dependent forces in the problem. For a = 0 , 1 , 2 , the effective constitutive parameter A ). The micro-scale correction functions are time independent and therefore represent quasi-static (instantaneous) micro-mechanical corrections to the applied macro-scale forcing. This is justified so long as the homogenization basis sufficiently captures the details of the micro-dynamic vibration modes. The assumed localization S Q , and homogenized elastodynamic operator A M , in this case is given by the expression between brackets in Eqs. (45a) and (45b) respectively. The resulting homogenized macroscale governing law (45b) is a set of higher-order partial differential equations with n P generalized degrees of freedom and constant coefficients.
Note, that the proposed spatio-temporal gradient expansion ansatz (45) resembles that of asymptotic (homogenization) approaches ( Bacigalupo and Gambarotta, 2014 ) with the exception of the missing scaling parameter that appears in the higher order terms, since the classical scale separation does not apply here.
Substituting the ansatz (45) into Eq. (43) , applying the chain rule and making use of the property (18) yields,
Before proceeding, the following operators are introduced for the sake of compactness,
Rewriting Eq. (46) using the shorthand notations given by Eq. (47) ,
In order to derive the cell problems for the correction functions, it is emphasized that Eq. (48) has to be satisfied for all independent realizations of the macro-scale variables. This is only possible if the terms gathered under each independent macro-scale variable vanishes. This yields the following cell problems for each order of the corrections Cell problem w.r.t. 
where I (a ) represents the a th order identity tensor and H y the Heaviside step function defined as
The solution to the cell problems involves the recursive inversion of the operator K under the respective constraint conditions (53b) and the periodic boundary condition according to the definition of N ˜ resulting from the fact that ∂ 2
, is equal to n P , n P ( a + 1) and 0 . 5 n P (a + 2)(a + 1) for n dim = 1 , 2 and 3, respectively. Hence the sum total number of cell problems n prob , upto order n A and n B , that needs to be solved is given as,
Therefore, the number of cell problems to solve, and hence the total computational cost of homogenization, significantly increases with the increase of the spatial order of the gradient expansion ( n A ) for 2D and 3D problems. The fictitious body forces are now disregarded in Eq. (45b) since they do not play any role in further analysis. The generalized governing macro-scale partial differential equations are re-expressed as follows,
The effective constitutive relations can now be obtained with respect to the proposed ansatz by substituting Eq. (30) and (45a) into Eq. (34) ,
As the homogenization basis set approaches completeness, i.e. P → P com , the higher-order micro-scale corrections have to vanish, i.e. r N assures that the homogenized model will adequately recover the full-scale dynamics provided a sufficiently rich homogenization basis is used. The precise mathematical proof of the convergence is beyond the scope of the present investigation. An analysis of the positive definiteness of the homogenized coefficients, needed to assure stable free wave solutions is also not pursued in this paper. 
Formulation of the homogenization projection functions
As discussed previously, the choice of the homogenization projection functions is essential for the efficiency of the proposed approach. The homogenization projection functions can be formulated either ad hoc using some standard or heuristic functions, or via prior numerical analyses of a given microstructure. From a former viewpoint, the choice of the projection functions depends primarily on the contrast between the material properties of the heterogeneities, at least up to the first few dispersion branches. For unit cells with a high material contrast, the softer and/or denser phase domains vibrate out of phase with the neighboring domains beyond some resonant frequency. In this case it makes sense to use the material distribution itself to define the projection functions such that for each material phase domain, the corresponding projection function performs a uniform average over that domain only, as proposed in Willis (2009) and Auriault and Boutin (2012) . On the other hand, for microstructures with a low material contrast, a smooth projection using for instance Fourier series is more appropriate ( Nassar et al., 2016 ) . At higher frequencies, both these approaches become less effective due to the increased complexity of the micro-dynamics, especially for 2D and 3D microstructures. There is no general approach suitable for medium contrast materials using predefined functions.
For a linear-elastic periodic microstructure, the projection functions can also be formulated a-posteriori using its FloquetBloch eigenvectors computed via the dispersion eigenvalue analysis of the unit cell ( Farzbod and Leamy, 2011 ) . Such an approach is much more robust and can be easily applied to an arbitrary (periodic) unit cell design in any given frequency regime. It is therefore highly suited for computational multiscale analyses of complex problems. Moreover, since the eigenvectors represent actual free wave solutions of the system, a moderately large basis can provide a fairly rich micromechanical/dynamic description as the starting point for the formulation of the localization operator. This justifies supposing an approximate localization ansatz in the form of a spatio-temporal gradient expansion with quasi-static (time independent) micro-scale corrections (45).
A strategy for selecting the optimal the Floquet-Bloch eigenvectors for the homogenization basis can be taken from model order reduction techniques in dispersion analysis, e.g. Hussein (2009) , where it is recommended to include the Floquet-Bloch eigenvectors at high symmetry points of the Brillouin zone in the desired frequency range. Only a subset of those eigenvectors is usually sufficient with a higher preference towards eigenvectors compared to those at other symmetry points. Depending on the accuracy of the micro-mechanical corrections, the present analysis indicate that an adequate estimate of the size of the projection basis is around 1.5-3 times the number of dispersion branches to be described in the frequency range of analysis. Evidently, this is a heuristic estimate, limited to the examples considered so far and a more precise mode selection criteria is needed in order to develop computationally efficient strategies. Furthermore, all Floquet-Bloch eigenvectors other than those at are complex functions. Since the generalized degrees of freedom are assumed to be real, the real and imaginary components of the eigenvector are extracted as separate projection functions. An orthonomalization procedure, such as Gram-Schmidt has to be implemented on the eigenvector basis to enforce satisfaction of Eq. (22) as they are not mutually orthogonal in general.
An overview of the proposed homogenization procedure developed thus far is shown Fig. (4 ) .
Numerical case study and validation
In order to validate the proposed multiscale approach, a dispersion analysis of the homogenized model (56) , is performed and validated against standard Floquet-Bloch analysis ( Farzbod and Leamy, 2011 ) on example unit cell microstructures. The analysis of transient boundary value problems is beyond the scope of the present investigation. The dispersion eigenvalue problem of the homogenized model was obtained by applying a space-time Fourier transform on the governing Eq. (56) . The frequency is ranged to encompass multiple dispersion branches for each example case.
Two 2D (plane strain) unit cells, shown in Fig. 5 , are used for the case studies. Each unit cell exhibits rich and varied dispersive phenomena that are not at reach for most homogenization approaches, which either rely on a large scale separation, or a simplified heuristic homogenization relation. The first unit cell, shown in Fig. 5 a, is based on the well known local resonance metamaterial proposed by Liu et al. (20 0 0) , consisting of a square matrix with an embedded hard cylindrical inclusion with a soft coating. The geometrical and material parameters of this unit cell are given in Table 1 , and are the same as that of Liu et al. (20 0 0) with the exception of Young's modulus of the matrix material (labeled M3), which has a value two orders of magnitude lower than the epoxy material used in Liu et al. (20 0 0) . This value reduces the wavelength in the matrix, leading to additional Bragg scattering effects which hybridizes with the local resonance phenomena in the low frequency regime, making this a challenging homogenization problem. This unit cell is hereafter referred to as, HybridAM. The second unit cell, Fig. 5 b, is derived from the first by removing the coating. This gives a pure phononic crystal that only exhibits Bragg scattering due to a single hard scatterer in the matrix medium. It is hereafter referred to as HardScat.
The same finite element discretization is used for Bloch and unit cell analysis (53). Eight-node quadrilateral finite elements were used with a maximum mesh size of 0.57 mm in the matrix and 0.2 mm in the coating. The models comprised on average 80 0 0 elements and 15,0 0 0 degrees of freedom. Convergence of the results with respect to the discretization size was verified.
Two types of dispersion analyses are carried out on the unit cells (see Figs. 6 and 7 ) , a k − ω and a ω − k analysis. In the k − ω analysis the wave-vector is applied as a parameter in the problem and the frequency is obtained as the solution. The wave-vector points along the -X-M-path, representing the boundary of the irreducible Brillouin zone is traced during the analysis. To study the convergence of the homogenization method with the choice of the homogenization basis and the order of the expansion ansatz, three versions of the analysis, denoted V1, V2, V3 are considered:
• V1: Only (periodic) eigenmodes are included. The gradient corrections are computed up to n A = 2 and n B = 2 with the maximum combined order of any term restricted to 2, i.e. a + b ≤ 2 .
• V2: The same eigenmodes as used in V1 are included. The gradient corrections are computed up to n A = 4 and n B = 2 with the maximum combined order of any term restricted to 4, i.e. a + b ≤ 4 . • V3: X and M eigenmodes are now also included while discarding some eigenmodes that play a lesser role. The gradient corrections are computed up to n A = 4 and n B = 2 with the maximum combined order of any term restricted to 4, i.e. a + b ≤ 4 .
A convergence analysis for each model version is performed as well, where the homogenization basis is enriched with the respective Floquet-Bloch eigenmodes till no significant improvement in the spectrum with further enrichment in considered frequency regime is seen.
Next, the ω − k analysis is performed, where the frequency and the wave direction are applied as parameters and the eigenvalue problem is solved with respect to the wave number. The ω − k analysis additionally provides imaginary and complex wave number solutions, which are useful in wave attenuation analysis in the bandgap frequencies, and towards general boundary value problems, as such solutions are dominant at the external traction boundaries. For the ω − k analysis, the wave direction was fixed along -X and V3 was used to compute the homogenized dispersion spectrum. The first 14 wave number eigenvalues (including complex conjugates) are plotted at each frequency.
The HybridAM unit cell is first analyzed within the frequency range of 0-20 0 0 Hz encompassing approximately the first 12 dispersion branches. The V1 model is computed using the first 15 eigenmodes as homogenization shape functions, yielding a homogenized model with 105 independent material parameters, i.e. components of relevant A
(a )
M ab tensors, (not accounting for the geometrical symmetry of the unit cell). This is less than what is predicted by Eq. (55) since the terms with combined order ( a + b) greater than 2 are not included. The dispersion spectrum is plotted against Bloch analysis results in Fig. 6 a. An adequate match can be seen at most points except at higher frequencies around M and X. V2 is computed next, yielding 315 independent parameters. The dispersion spectrum of V2, given in Fig. 6 b, shows a small improvement over V1 but still exhibits some mismatch at X and M points. In the computation of V3, only the first 11 eigenmodes are used and 9 additional high frequency X and M eigenmodes are added resulting in a homogenized model with 420 independent material parameters. The dispersion spectrum using V3 given in Fig. 6 c now shows a perfect match with Bloch analysis. Finally, in the considered frequency range, the ω − k analysis is carried out using the converged V3 model. The results are shown in Fig. 6 d. To visualize the complex components of the wave number, the real and imaginary parts and the phase are plotted separately. The wave number is normalized with respect to the size of the unit cell. The homogenization and Bloch analysis results match perfectly also for the ω − k analysis . The evanescent wave solutions are particularly important for modeling the boundary layer phenomena at the system interfaces and as such are not accounted for by most homogenization theories that assume an infinite medium ( Srivastava and Willis, 2017 ) . However, as shown here, such solutions arise naturally through the proposed homogenized model. The combined presence of Bragg scattering and local resonance is evident from the nature of the evanescent wave solutions in the bandgap frequencies. Additionally, complex wave solutions also appear in the first bandgap region. This effect did not occur in the more stiff unit cell tested in Liu et al. (20 0 0) and generally in local resonance metamaterials with a highly stiff matrix. This highlights the emergence of complex wave phenomena due to hybridization of Bragg and local resonance scattering as discussed e.g. in Yuan et al. (2013) . The homogenization method developed here robustly captures such effects.
The same analysis is now repeated for the HardScat unit cell within the frequency range of 0-120 0 0 Hz encompassing approximately the first 17 dispersion branches. The V1 model is now computed using the first 25 eigenmodes, yielding a homogenized model with 175 independent material parameters (not accounting for the unit cell geometrical symmetry). The dispersion spectrum is plotted against Bloch analysis in Fig. 7 a. A nearly perfect match results in the -X region but the X-M-region still exhibits a considerable mismatch, especially for the acoustic branches. V2 is computed next, yielding 535 independent parameters. The dispersion spectrum of V2, plotted in Fig. 7 b shows significant improvement over V1, especially in repairing the mismatch in the acoustic branches, but some errors around high frequency X and M points still persist. The V3 model is computed using only the first 16 eigenmodes and 14 additional high frequency X and M eigenmodes and has a total of 630 independent material parameters. The dispersion spectrum of V3, Fig. 7 c now matches perfectly in the considered frequency regime. The ω − k analysis using V3 is carried out as well. The homogenized model again matches perfectly with Bloch analysis, as revealed by Fig. 7 d . To further highlight the importance of the selection of the homogenization basis, the dispersion spectrum of V2 of the SolidScat unit cell is recomputed without including the 3rd eigenmode, while keeping the rest the same. The excluded mode, is a periodic rotational mode, as shown in the insert in Fig. 8 a. Comparing the dispersion spectrum of the stripped V2 model with Bloch analysis using the k − ω approach, as shown Fig. 8 a, clearly indicates a total loss in the ability of the homogenized model to capture the 3rd and 4th dispersion branches and to a lesser extent some other branches. The stripped V2 model is next enhanced with higher order gradient correction terms with n A now equal to 6 and n B = 4 and a + b ≤ 6 , while still excluding the 3rd eigenmode. The resulting dispersion spectrum is shown in Fig. 8 b, where no real improvement in the accuracy occurs. This demonstrates the fundamental importance of the selection of the projection functions in constructing the accurate localization space, which cannot be simply compensated by higher order expansion corrections.
It can therefore be concluded, that equipped with the appropriate projection functions and sufficient expansion corrections terms, the homogenization method adequately captures rich dispersive phenomena up to arbitrarily high frequencies, including regions with relatively high mode densities. The use of the eigenmodes was justified in this case as it proved to be sufficient for the analysis, while including X and M modes provided further improvement to the dispersion response at higher frequencies, local to the corresponding wave-vector points. The size of the homogenization basis use here was only slightly larger than the number of branches predicted in each case. A gradient expansion with n A = 4 and n B = 2 with maximum order restricted to 4 (i.e. a + b ≤ 4 ) was shown to be necessary and sufficient. The resulting homogenized models are a fraction of the size of the FE models needed to resolve the full-scale system, hence the multiscale approach constitutes a powerful model order reduction technique.
Finally, a short comment on the computational costs of the multiscale methodology is made. The cost of computing the homogenized model, or the offline cost, consists of the computation of Floquet-Bloch eigenvectors for constructing the homogenization basis and solution to the cell problems to extract the homogenized material parameters (see Fig. 4 for the reference). The number of cell problems that need to be solved can be considerable due to the need for a large homogenization basis and upto fourth order spatial gradient corrections. However, this process only needs to be performed once for a given material. The subsequent online cost of the computation of a macro-scale problem is bound to be a few orders of magnitude lower compared to the direct numerical simulation especially for 2D and 3D problems, since a coarser discretization can be assumed for the homogenized system. Thus, the offline costs can be easily offset. This claim however remains to be demonstrated on an example macro-scale initial boundary value problem and will be the subject of future work.
Conclusions and outlook
A general multiscale framework towards the computation of the emergent effective elastodynamics of acoustic metamaterials and phononic crystals was presented. The proposed multiscale formalism was founded on the Floquet-Bloch transform that provided a robust definition of the scales. Unlike most approaches that assume a uniform homogenization operation, a generalized homogenization operation based on a family of weighted projection functions was introduced that allows to describe a wide range of exotic emergent macro-scale wave phenomena. The general multiscale analysis problem was derived via the generalized Hill-Mandel relation that ensures internal power consistency between the homogenized and full-scale systems. Linear elasticity and material periodicity were assumed during the derivations. The general problem was localized by a high-order spatio-temporal gradient expansion ansatz, resulting in a higher order partial differential governing equation with constant coefficients at the macro-scale. The homogenization basis was formulated for a given unit cell microstructure, using the Floquet-Bloch eigenvectors obtained at certain high symmetry points in the desired frequency range. This has two implications: (i) the description of the generalized macro-scale balance law is not presupposed but determined via computational analysis of the given microstructure. This ensures accurate resolution of the appropriate emergent elastodynamics at a broad range of frequencies, independent of the complexity of the microstructure; (ii) it provides a fairly rich microkinematic/dynamic description for the construction of the localization space thereby justifying the use of the approximate spatio-temporal gradient expansion ansatz with quasi-static micro-scale corrections.
The multiscale methodology was validated against Bloch analysis via a comprehensive dispersion analysis including k − ω and ω − k formulations for two 2D unit cells, each with a unique dispersion behavior, i.e. an acoustic metamaterial exhibiting both local resonance and Bragg scattering effects and a pure phononic crystal. FE was used to discretize and solve the unit cell problems. An excellent convergence up to very high order branches was observed using the fourth-order spatial and second-order temporal expansion with a relatively small homogenization basis (about twice the size of the number of branches predicted), consisting of selected high symmetry Floquet-Bloch modes. The validation of the complex wavenumber solutions using the ω − k analysis indicates the applicability of the multiscale approach towards solving boundary value problems. The fundamental importance of the proper selection of the homogenization basis functions was demonstrated by excluding one of the important basis functions. The stripped basis was incapable of reproducing certain dispersion branches, even with increased order of gradient corrections.
This contribution therefore presents a first and important step towards the development of powerful computational multiscale methodologies for acoustic metamaterials and phononic crystals. Several future development directions that need to be investigated in order to fully realize this goal are listed in the following.
• In order to solve transient boundary value problems at the macro-scale, appropriate numerical discretization techniques must be introduced for the homogenized Eq. (56) . The approximation functions must be sufficiently smooth in order to capture the high-order spatial (and possibly temporal) gradient terms. The precise computational cost benefit of the resulting overall multiscale methodology compared to direct numerical simulation remains to be quantified in the process. Special attention should be paid to the treatment of macro-scale boundary conditions in view of the boundary layer effects due to the evanescent wave solutions ( Srivastava and Willis, 2017 ).
• A more sophisticated mode selection criterion is needed for the efficient construction of the homogenization basis for any given problem, beyond the approach presented here.
• The framework provides a remarkable flexibility towards the formulation of the localization operator. Instead of the gradient expansion proposed here, a spectral expansion of the micro-scale corrections with respect to high-order polynomial macro-scale shape functions, e.g. Chebyshev, can be considered, thereby combining multiscale modeling with spectral FE methods ( Seriani and Oliveira, 2008 ) , leading to different, potentially rich alternatives for the macro-scale governing equations.
• Extensions towards material and geometrical non-linearities is also possible, but can be challenging, since the general multiscale problem (43) can no longer be localized using a linear localization operation. An appropriate linearization step may need to be introduced.
• Another aspect that may be addressed in the future is the incorporation of the transformational acoustics concepts ( Milton et al., 2006 ) into the multiscale methodology for the design of acoustic cloaks. Although it is relatively straightforward to demonstrate the transformational invariance of the homogenized equations derived using the current homogenization framework, the main challenge will be to solve the inverse problem for the determination of the geometrical and material properties of the unit cell micro-structure that yields the same effective material properties as determined from the coordinate transformation at all points in the domain.
To prove the global identity, the Plancherel identity of the Floquet-Bloch transform (11) is taken as the point of departure.
Re-writing the identity with respect to g ( x ) while exploiting the definition of the FB-average operator (16) gives,
Before proceeding, some necessary relations are established Applying the Floquet-Bloch transform defined in (8) to Eqs. (23) and (26) gives, A.4b) where the invariance property of micro-scale functions under Floquet-Bloch transform (15) has been used and r ˆ G ( k ) and ˆ g ( k , x ) are given as,
Partially substituting Eq. (A.4b) into (A.3) and subsequently making use of Eq. (A.4a) gives,
The inverse of Eq. (A.5a) (following Eq. (9) ) is given as,
Partially substituting Eq. (A.5a) into (A.6) and subsequently making use of Eq. (A.7) gives, (A.8) where use has been made of the fact that | T || T | = (2 π ) n dim as inferred from Eq. (6) . Since the norm is invariant with respect to the position of the origin O of the lattice, the set L in the above expression can be replaced with a translated one, say L y = { y + y , ∀ y ∈ L } for some arbitrary y . Therefore, by taking the ensemble average over all realizations of y within T , the summation in Eq. (A.8) can be replaced with an integral over Ω (since Ω = y ∈ T L y ). This yields the desired result, .9) 
